An alternative derivation of the first-order relativistic contribution to perihelic precession is presented. Orbital motion in the Schwarzschild geometry is considered in the Keplerian limit, and the orbit equation is derived for approximately elliptical motion. The method of solution makes use of coordinate transformations and the correspondence principle, rather than the standard perturbative approach. The form of the resulting orbit equation is similar to that derived from Newtonian mechanics and includes first-order corrections to Kepler's orbits due to general relativity. The associated relativistic contribution to perihelic precession agrees with established first-order results.
I. INTRODUCTION
The derivation of the relativistic contribution to perihelic precession is found in almost every general relativity textbook [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] . The standard approach is perturbative and results in a first-order prediction for the relativistic contribution to perihelic precession which is in agreement with observations. In particular, the agreement of this contribution with the observed shift of the perihelion for Mercury is one of the most celebrated verifications of Einstein's general theory of relativity [11, 12, 13, 14] , and it is important that students are presented with a convincing calculation of this result. We present an alternative approach to this problem, and obtain an approximate relativistic orbit equation. Perihelic precession arises as one of several small corrections to Kepler's orbits, and agrees with established first-order calculations.
The path of a small test mass near a spherically symmetric central mass M is uniquely described by the Schwarzschild line element [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 15, 16, 17, 18, 19] : 
for each of {x µ } = {t, r, θ, ϕ}, whereẋ µ ≡ dx µ /dτ , and
Consider orbits in the plane defined by θ = π/2, so thatθ = 0. The invariants of the motion are given by Lagrange's equations for ϕ and t:
which implies that ≡ r 2φ = constant; and
which implies that k ≡ (1 − r S /r)ṫ = constant. 
In terms of the invariants of motion, and with the definition E ≡ 1 2
(k 2 − 1)c 2 , the radial equation Eq. (6) may be expressed as
Time is eliminated by the replacementṙ
resulting in
Differentiating Eq. (9) with respect to ϕ results in a nonlinear differential equation for
We anticipate a solution of Eq. (10) that is near Keplerian and introduce the radius of a circular orbit for a classical particle with the same angular momentum,
where ≡ (GM/ c) 2 = r S /2r c . The conic-sections of Newtonian mechanics [20, 21, 22] are recovered by setting = 0: d
which implies that r c r = 1 + e cos ϕ,
where e is the eccentricity.
II. KEPLERIAN LIMIT AND PERIHELIC PRECESSION
Relativistic orbits near a spherically symmetric massive object, such as our Sun, are described by Eq. (11) . The planets of our solar system are described by near circular orbits.
Mercury has the largest eccentricity (e ≈ 0.2), and the next largest is that of Mars (e ≈ 0.09).
If is taken to be a small relativistic correction to the near-circular orbits of Newtonian mechanics, it is convenient to make the change of variable 1/σ ≡ r c /r − 1 1. The last term on the right-hand-side of Eq. (11) may now be approximated as (r c /r) 2 ≈ 1 + 2/σ, resulting in a linear differential equation for 1/σ(ϕ):
The additional change of variable α ≡ ϕ √ 1 − 6 results in the familiar form:
where σ c ≡ (1 − 6 )/3 . The solution is similar to that of Eq. (12):
where A is an arbitrary constant of integration. In terms of the original coordinates, Eq. (16)
According to the correspondence principle, Kepler's orbits, Eq. (13), must be recovered in the limit → 0, so that 3 A ≡ e is the eccentricity of Newtonian mechanics. To first order in , Eqs. (18)- (20) becomer
e ≈ e(1 + 3 ),
and the relativistic orbits in this limit may be expressed concisely as
Equations (21) and (22) are the relativistic radius of circular orbit and relativistic eccentricity, respectively, and are discussed in more detail in Sec. III.
The approximate orbit equation in Eq. (24) predicts a shift in the perihelion through an is the mass of the Sun, and a and e are the semi-major axis and eccentricity of the orbit, respectively. Therefore, the relativistic correction defined after Eq. (11),
is largest for planets closest to the Sun and for planets with very eccentric orbits. For
Mercury [34] The justification for discarding the term nonlinear in the eccentricity is the correspondence principle. Arguments concerning which terms to discard based only on direct comparisons of relative magnitudes of higher-order and lower-order terms lead to contradictions (as may be verified by the reader). Instead, the domain of validity is expressed by subjecting the solution Eq. (24) to the condition r c r − 1 1 (29) for the smallest value of r. Evaluating the equation of the orbit Eq. (24) at the perihelion
The substitution of this result into Eq. (29) results in the domain of validity:
Therefore, the relativistic eccentricityẽ = e(1+3 ) 1, and Eq. (24) is limited to describing relativistic corrections to near-circular (Keplerian) orbits. Also, the relativistic correction 2(3 ) 1, and thus the equation of orbit Eq. (24) is valid only for small relativistic corrections.
Equation (24) is also consistent with a reduced radius of the circular orbit, as derived from the Schwarzschild effective potential:
This effective potential is customarily defined [3, 5, 7, 8, 9, 10, 15, 35] after making the observation that Eq. (7) reduces to the Newtonian result as r S → 0 (c → ∞).
[The Schwarzschild effective potential in Eq. (32) is compared to that derived from Newtonian mechanics in Fig. 2 .] If we minimize V eff with respect to r, we obtain the radius of the circular orbit,
in agreement with Eq. (21) to first order in . An additional characteristic of relativistic orbits is that of increased eccentricity Eq. (22) . Equation (24) predicts that relativistic orbits will have increased eccentricity compared to Keplerian orbits. The correction to the eccentricity is of the same order as that for the relativistic contribution to perihelic precession and the reduced radius of the circular orbit.
IV. CONCLUSION
The relativistic central-mass problem has been cast into finding a solution that is not very different from a Newtonian circular orbit, the result of which is a Keplerian orbit with small relativistic corrections. The resulting first-order relativistic contribution to the perihelic precession in Eq. (25) 
